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Ab-initio determination of the incommensurate

modulated structure of Bi-2212 from x-ray

powder di�raction data {a simulation *
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A set of x-ray powder di�raction data of the high-Tc superconductor Bi2Sr2Ca1Cu2Oy (Bi-2212) was simulated

based on the experimental single-crystal di�raction data by merging together reections with di�raction angles (2�) closer

to each other than 0.04 degrees. There are three types of overlapping in the powder di�raction data, i.e. (i) overlapping

of main reections; (ii) overlapping of satellite reections and (iii) overlapping of main and satellite reections. The third

type of overlapping was �rst separated into main and satellite components according to the ratio between the average

intensity of that of types (i) and (ii). Then the overlapped reections of main reections and those of the satellites were

uniformly partitioned. Heavy-atom sites in the basic/average structure were found using the uniformly decomposed

main reections by the conventional direct method. Phases of the satellites were derived by the multidimensional direct

method. The resultant four-dimensional Fourier maps revealed correctly the essential feature of the modulation. No

assumption on either the basic structure or the modulation is needed.
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1. Introduction

Multidimensional direct methods have been in-

troduced for ab-initio determination of incommen-

surate modulated structures without relying on any

pre-assumed models.[1] A number of originally un-

known incommensurate modulated structures have

been solved successfully using multidimensional di-

rect methods with x-ray as well as electron di�rac-

tion data from single crystals.[2�4] However, to pre-

pare single-crystal samples for many important ma-

terials such as high-Tc superconductors is often dif-

�cult. Therefore, it is interesting to try and see

whether multidimensional direct methods are capable

of solving incommensurate modulated structures us-

ing powder di�raction data. The main diÆculty aris-

ing from powder di�raction data in comparison with

single-crystal di�raction is the overlapping of individ-

ual reections.[5;6] In the present test we use a set of

arti�cial powder di�raction data, which is simulated

from a set of experimental single-crystal di�raction

data by merging together reections with di�raction

angles (2�) closer to each other than 0.04 degrees.

2. Method

Incommensurate modulated structures do not

have three-dimensional (3D) periodicity but can be

regarded as a 3D hypersection of a four- or higher-

dimensional periodic structure.[7;8] With this repre-

sentation, the Sayre equation can be easily extended

to multidimensional space.[1;9] We have the multidi-

mensional Sayre equation similar to that in three-

dimensional space, i.e.

F (h) =
�

V

X
h0

F (h0)F (h� h
0); (1)

where h is a multidimensional reciprocal vector de-

�ned as

h = h1b1+h2b+h3b3+� � �+h3+nb3+n (n = 1; 2; � � �);

(2)

with h1, h2, � � �, h3+n all integers and b1; b2; � � � ; b3+n

the basic vectors of the multidimensional reciprocal

lattice. � is an atomic form factor. V is the volume
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of the unit cell of the 3D basic structure. The right-

hand side of Eq. (1) can be split into three parts,

i.e.

F (h) =
�

V

�X
h0

Fm(h
0)Fm(h� h

0)

+ 2
X
h0

Fm(h
0)Fs(h� h

0)

+
X
h0

Fs(h
0)Fs(h� h

0)

�
: (3)

Where the subscript m denotes the main reections

while the subscript s denotes satellites. Since the in-

tensity of satellites is on average much weaker than

that of main reections, the last summation on the

right-hand side of Eq. (3) is negligible in comparison

with the second one, while the last two summations

on the right-hand side of Eq. (3) are negligible in com-

parison with the �rst. Letting F (h) on the left-hand

side of Eq. (3) represents only the structure factor of

main reections, we have to the �rst approximation

Fm(h) �
�

V

X
h0

Fm(h
0)Fm(h� h

0): (4)

On the other hand, if F (h) on the left-hand side of

Eq. (3) corresponds only to satellites, it follows that

Fs(h) �
�

V

X
h0

Fm(h
0)Fm(h� h

0)

+
2�

V

X
h0

Fm(h
0)Fs(h� h

0): (5)

For incommensurate modulated structures, other than

composite structures, the �rst summation on the

right-hand side of Eq. (5) has vanished. Since any

3D reciprocal lattice vectors corresponding to a main

reection will have zero components in the extra di-

mensions so that the sum of two such lattice vectors

could never give rise to a lattice vector corresponding

to a satellite. We then have

Fs(h) �
2�

V

X
h0

Fm(h
0)Fs(h� h

0): (6)

Eq. (4) indicates that the phase of main reections

can be derived by a conventional direct method ne-

glecting the satellites. Equation (6) can be used to

extend phases from main reections to satellites. This

provides an objective way to determine the modula-

tion functions. The procedure consists of the following

stages:

i) Derive phases of main reections using Eq. (4);

ii) Derive phases of satellite reections using Eq.

(6);

iii) Calculate a multidimensional Fourier map us-

ing the observed structure-factor magnitudes and the

phases from i) and ii);

iv) Cut the resulting Fourier map with a 3D `hy-

perplane' to obtain an `image' of the incommensurate

modulated structure in the 3D physical space;

v) Parameters of the modulation functions are

measured directly on the multidimensional Fourier

map resulting from iii).

The program DIMS (Direct methods for Incom-

mensurate Modulated Structures) has been written for

the implementation of steps i) and ii).[10]

3. Data

The high-Tc superconductor Bi2Sr2Ca1Cu2Oy

(Bi-2212) is a one-dimensionally modulated in-

commensurate structure in the superspace group

N [Bbmb]1-11 with unit cell parameters of the

basic structure a=0.5422, b=0.5437, c=3.0537nm,

�=�==90Æ and the modulation wavevector q=0.22

b
� + c�. Di�erent authors have independently stud-

ied the incommensurate modulation in Bi-2212.[4] A

set of synchrotron x-ray powder di�raction data was

simulated based on the experimental single-crystal x-

ray di�raction data.[11] Since the single-crystal data

were collected with an in-house x-ray generator us-

ing Cu K� radiation (�=0.15418nm), it is reason-

able to expect that a set of synchrotron x-ray powder

di�raction data could reach the same di�raction limit.

Hence we set the resolution limit of the simulated syn-

chrotron x-ray di�raction data to the same as that of

the single-crystal data. The FWHM (full width at

half maximum) of the simulated powder di�raction

data is assumed to be �(2�) � 0:04Æ. This is ad-

equate since the FWHM of �(2�) � 0:025Æ in the

range of 30Æ � 2� � 80Æ have been reported by Wrob-

lewski et al as early as in 1988 for synchrotron x-ray

powder di�raction.[12] One may argue that crystals

with structural modulation should give broader reec-

tions in comparison with ordinary crystals. However,

modulated crystals are not necessarily disordered crys-

tals. In our experiment, single crystals of Bi-2212 yield

sharp reections comparable to that of ordinary crys-

tals. Accordingly in our simulation, reections are

recognized as isolated (unique), if their 2�-value di�er

from that of the nearest neighbour more than 0.04Æ.

Others are regarded as overlapped. The resultant arti-

�cial powder-di�raction data set contains 1879 reec-
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tions. Since most reections are overlapped, no phas-

ing attempts were made to unique reections alone.

There are three types of overlapping, i.e. (i) overlap-

ping among main reections; (ii) overlapping among

satellites and (iii) overlapping of main and satellite

reections. Many overlapped reections are mixers of

the three categories. There are 89 of the total 543

main reections without overlapping with satellites

and 295 of the total 1336 satellites without overlap-

ping with main reections. The third category of over-

lapping was �rst separated according to the ratio be-

tween the average intensity of the 89 main reections

and that of the 295 satellites. Then the �rst two kinds

of overlapping were treated by uniformly partitioning.

We assumed that experimental errors due to preferred

orientation, absorption, etc, have been treated prop-

erly with available techniques. Hence they were not

considered in our test.

4. Phasing main reections and

locating heavy-atom sites in

the basic structure

With the 543 decomposed main reections, a de-

fault run of the direct method program SAPI revealed

all the heavy atoms of the basic structure on top of

the output peak list.[13] Heavy-atom coordinates from

the peak list are shown in Table 1 in comparison with

that previously obtained from single-crystal di�rac-

tion data.[11]

5. Phasing satellite reections

543 main reections, 867 �rst-order and 469

second-order satellite reections were involved in the

Table 1. Coordinates of metal atoms in the basic structure of

Bi- 2212 found by the program SAPI with the arti�cial pow-

der di�raction data. Values obtained previously from single-

crystal data are in parentheses.

Atom x y z

Bi
0:7579

(0:7713)

0:0211

(0)

0:0513

(0:0510)

Sr
0:2914

(0:2519)

0:0167

(0)

0:1327

(0:1382)

Ca
0:2486

(0:25)

0:0150

(0)

0:2499

(0:25)

Cu
0:7555

(0:7494)

0:0082

(0)

0:1938

(0:1953)

calculation. Phases calculated from the metal atoms

were assigned to main reections. Phases of satel-

lites were then derived according to Eq. (6) using the

multidimensional direct method program DIMS.[10] In

Table 2, there are listed the cumulative phase er-

rors of direct method phasing of powder di�raction

data. The errors were calculated against the �nal

model obtained from single-crystal di�raction data.

As is seen, the percentage of reections with their

phase (sign) wrongly determined is �23% for main re-

ections, �6% for �rst-order satellites and �39% for

second-order satellites. The reason of having a some-

what abnormally large phase error for main reections

is that, only metal atoms rather than the whole basic

structure that includes oxygen atoms were used in the

phase calculation. Nevertheless, the quality of such

a set of phases was still suÆcient in deriving phases

for satellites. The small percentage of wrong signs

(�6%) for �rst-order satellites ensured the correct de-

termination of the modulation waves. The reason of

the large phase error for second-order satellites is that

they are much weaker reections in comparison with

the �rst-order satellites.

Table 2. Cumulative distribution of wrong phases (signs) results from direct method phasing (SAPI

for main reections and DIMS for satellites). Reections are arranged in descending order of F (obs).

Main reections First-order satellites Second-order satellites

Number of Number of Number of Number of Number of Number of

reections wrong signs reections wrong signs reections wrong signs

100 14 100 7 100 42

200 36 200 11 200 88

300 60 300 16 300 121

400 84 400 21 400 154

500 110 500 24 469 185

543 124 600 27

700 37

800 47

867 53
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6. Resultant Fourier maps

The four-dimensional Fourier map was calculated

using the program VEC (http://cryst.iphy.ac.cn/

VEC/index.html) with the structure-factor magni-

tudes of the decomposed main and satellite reections

and phases derived as described above. Figure 1 shows

the section of the four-dimensional (4D) Fourier map

at x1=0.25 and x2=0.
[14] The upper part shows the re-

sult from the powder data, while the lower part shows

the result from the single-crystal di�raction data.[11]

The x4 axis is parallel to the modulation vector q. A

4D atom without modulation will be a straight bar

parallel to the x4 axis. Positional modulation changes

the direction, while compositional modulation changes

the width of the bar. As is seen, all the metal- atom

\bars" resulting from powder data are changing their

direction in the same way as that resulting from the

single-crystal data. The same can be seen also in the

3D Fourier map (the hypersection perpendicular to

the fourth axis of the 4D Fourier map) projected along

the a axis (see Fig.2). It is seen that the modulation

for metal atoms revealed by powder analysis is nearly

the same as that from single-crystal analysis. One

of the prominent features of modulation in the high-

Tc superconductor Bi-2212 found in previous studies

is the so-called saw-tooth modulation of the oxygen

atom O4.
[11;15;16] Fig. 3 shows the saw-tooth modula-

tion of O4 revealed by powder analysis in comparison

with that from single-crystal analysis. Again we see

the consistency between the powder method and the

single-crystal method.

Fig.1. Section of the 4D Fourier map of the Bi-2212

high-Tc superconductor at x1=0.25 and x2=0. The

value of electron density is proportional to the grey

level on the map. Upper part: resulting from phasing

powder di�raction data; Lower part: resulting from

single-crystal di�raction data.[9]

Fig.2. Hypersection perpendicular to the fourth axis of the 4D Fourier map of the high-

Tc superconductor Bi-2212 projected down the a axis. The value of electron density is

proportional to the grey level on the map. Six unit cells of the basic structure are plotted

along the b axis. Unit-cell borders are shown with black solid lines. Left: result from powder

analysis. Right: result from single-crystal analysis.
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Fig.3. The 2D section of 4D Fourier map of the high-Tc su-

perconductor Bi-2212 cut at x1=0.145 and x3=0.058, showing

the saw-tooth modulation of the oxygen atom O4. The value

of electron density is proportional to the grey level on the

map. Left: result from powder analysis. Right: result from

single-crystal analysis.

7. Concluding remarks

The simulating test described in this paper

showed that multidimensional direct methods are ca-

pable of ab-initio phasing synchrotron x-ray powder

di�raction data of incommensurate modulated crys-

talline materials. The separation of main and satellite

components of overlapping reections is essential for

providing the basic of successful direct method phas-

ing. A simple and e�ective procedure for this purpose

has been proposed in this paper. While results of the

present test are adequate for deriving a rough struc-

ture model, there is still room for further improve-

ment. Better results can be expected if the known ba-

sic structure is available as the starting point of direct

method phasing or, if the procedure of partitioning

overlapping reections can be further improved.

|||||||||||||||||||||||||||
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